Spin-orbit coupling is increasingly seen as a rich source of novel phenomena, as shown by the recent excitement around topological insulators and Rashba effects. We here show that the addition of ferroelectric degrees of freedom to a semiconductor featuring topologically-non-trivial properties, such as SnTe, merges the intriguing field of spin-orbit-driven physics with non-volatile functionalities appealing for spintronics. By using a variety of modelling techniques, we show that a strikingly rich sequence of phases can be induced in SnTe, when going from a room-temperature cubic phase to a low-temperature ferroelectric structure, ranging from a topological crystalline insulator to a timereversal-invariant Z2 topological insulator to a "ferroelectric Rashba semiconductor", exhibiting a huge electrically-controllable Rashba effect in the bulk band structure.
Spin-orbit coupling is increasingly seen as a rich source of novel phenomena, as shown by the recent excitement around topological insulators and Rashba effects. We here show that the addition of ferroelectric degrees of freedom to a semiconductor featuring topologically-non-trivial properties, such as SnTe, merges the intriguing field of spin-orbit-driven physics with non-volatile functionalities appealing for spintronics. By using a variety of modelling techniques, we show that a strikingly rich sequence of phases can be induced in SnTe, when going from a room-temperature cubic phase to a low-temperature ferroelectric structure, ranging from a topological crystalline insulator to a timereversal-invariant Z2 topological insulator to a "ferroelectric Rashba semiconductor", exhibiting a huge electrically-controllable Rashba effect in the bulk band structure. Many of the materials science topics that recently drew large attention arise from the intriguing physics based on spin-orbit coupling (SOC). For example, growing enthusiasm is devoted to the so called 'Ferro-Electric Rashba Semi-Conductors (FERSC)", a novel class of multifunctional materials featuring GeTe as prototype 1, 2 . In FERSC, a (giant) Rashba effect (RE) is present in the bulk band structure and is intimately linked to ferroelectricity: the spin-texture can be fully reversed when switching the ferroelectric (FE) polarization. Indeed, in Ref.
1 some of the present authors predicted, by means of first-principles simulations, that FE GeTe would show a huge Rashba spin-splitting for the valence band maximum and an unprecedented Rashba parameter. While our theoretical predictions for GeTe urgently call for an experimental confirmation, the fascinating FERSC phenomenology opens exciting perspectives in electricallycontrolled semiconductor spintronics: for example, a modified Datta-Das spin transistor based on a FERSC channel would allow the appealing integration of storage and logic functionalities. Moreover, since few years topological insulators (TI) 3 have been at the center of increasing excitements, due to exotic properties, such as their surface states showing a Dirac spectrum and being exceptionally robust against perturbations. TI possess a non-trivial Z 2 classification, arising from an odd number of SOC-induced band inversions in their bulk band-structure. The SOC-related origin of the phenomenon makes the surface states to show a single spin-state for each momentum, paving the way to spin-polarized currents of interest in spintronics. Recently, a novel class of TI has been introduced, namely topological crystalline insulators (TCI), 4 where metallic edge states are protected by point-or space-group symmetries, rather than time-reversal symmetry as in usual Z 2 TI. The proof of the existence of TCI came from rocksalt SnTe 5, 6 (and related alloys 7, 8 ), where the f cc lattice shows a (110) mirror plane and the (bulk) L symmetrypoint features a SOC induced band-inversion between anion and cation in the valence-band-maximum (VBM) and conduction-band-minimum (CBM), compared to other standard semiconductors. Surfaces preserving the mirror operation, such as the (001), were first predicted (and later experimentally confirmed via angle-resolved photoemission) to show an even number of Dirac branches along the Γ-X direction, corresponding to an even number of band inversions (rather than an odd number, as in standard TI).
In this work, we focus on the coexistence and interplay between FERSC characteristics and topological behaviour, starting from the observation that any material showing at the same time ferroelectricity and a topologically non-trivial character is likely to show large SOC and small band gap: it is therefore expected to satisfy also the conditions for a (possibly large) bulk RE. A multifunctional material being at the same time a FERSC and a TCI would clearly constitute a breakthrough in the field and we show here that this is the case of SnTe. The role of displacements in TCI was only marginally discussed in Ref. 5 for SnTe, where a FE distortion along the [111] direction was considered (consistently with crystalline rhombohedral deformation, occurring in SnTe at low temperatures 9 ). While Hsieh et al. 5 performed helpful symmetry considerations, they remained at the speculative level. Rather, we here show that it is important to perform a quantitative analysis. In closer detail, by means of ab-initio simulations, we consider the transition from cubic to FE SnTe and explore topological properties along the path connecting the two extremal phases, by focusing on [111] surfaces. Indeed, several exciting outcomes result: i) below the FE transition temperature, SnTe turns out to be a novel FERSC; ii) the TCI phase for the cubic rocksalt structure can be turned to a Z 2 TI under external manipulation and iii) the coexistence of FERSC behaviour with either TCI or Z 2 topological insulating phases is shown to occur.
Technical details. Density functional theory (DFT) simulations were performed using the Vienna Ab initio Simulation Package (VASP) 10 and the Generalized Gradient Approximation (GGA) 11 in the Perdew-Burke-
Ab-initio DFT: a) Topological phase-diagram estimated from the evolution, as a function of λ, of the energy gaps "in proximity" to Z (∆Z) and to L (∆L), meaning that the gap is evaluated at the Rashba points kR around Z and L, respectively. The "minimal" energy gap (∆) over the whole BZ is drawn in black. The band structures in proximity to Z (along the directions
, respectively, are shown in panels b) and c) for λ = 0.0, in panels d) and e) for λ = 0.10, in panels f) and g) for λ = 0.25, in panels h) and i) for λ = 1.0. The orbital character of bands is shown by color map going from dark blue (Te) to dark red (Sn), with 1/2 corresponding to the equally mixed anionic and cationic character. For clarity, we report in panel h) the graphical definition of the Rashba momentum offset, kR, and of the Rashba energy splitting, ER.
Ernzerhof (PBE) formalism for the exchange-correlation potential. We used an energy cutoff for the plane wave basis of 400 eV and a 16 × 16 × 16 Monkhorst-Pack k−point mesh 15 . Test calculations using more accurate hybrid functionals within the HSE 14 formalism (see 16 ) showed that the relevant physics was only marginally affected, so we will focus here on the GGA results. We here concentrate on the [111] surface, usually a natural cleavage plane for rhombohedral crystals. To calculate (111) surface states in the slab geometry, the number of layers has to be sufficiently large to distinguish the surface from the bulk states; at critical regimes, when the energy gap is small, one needs to consider up to a thousand of layers, making ab-initio approaches prohibitive. We therefore resorted to an effective tight-binding model (TB) for surface states. The TB hopping matrix elements were determined by projection of the ab-initio VASP Hamiltonian onto the Maximally Localized Wannier Orbitals (MLWO) through the WANNIER90 package 13 . As for structural parameters, we employed those optimized within DFT-GGA. For the rhombohedral (cubic) structure, we used lattice constants a = 6.475Å(6.420Å), rhombohedral angles α = 58.8 o (60 o ) and atomic displacements (in internal units) τ = 0.026(0) (see Section A and Supp. Tab. 1 of Ref.
16 .)
Bulk electronic structure.
As already mentioned, the cubic phase of SnTe is a TCI, while the rhombohedral phase is FE (with a calculated polarization of ∼ 40µC/cm 2 , see Ref. 16 ). We here search for an intermediate phase (allowed by symmetry) which exhibits both ferroelectricity and RE, being at the same time topologically non-trivial. In order to demonstrate the existence of such a phase, we construct a path, parametrized by λ, linearly connecting the structural parameters (i.e. in terms of lattice constants and angles, atomic positions, etc) of the cubic TCI phase (space group F m3m, λ = 0) to the rhombohedral FE one (space group R3m, λ = 1). While λ represents here only a theoretical parameter, it can be realized by means of (external) physical handles, such as chemical doping or alloying, temperature, pressure, strain, etc.
The results of our DFT calculations are reported in Fig. 1 , where we show the energy gaps at the Z and L points of the rhombohedral Brillouin zone (BZ), along with a zoom of the related band structures, for different values of λ.
Let's first discuss the FERSC behaviour. As for GeTe,
1
SnTe meets all the necessary conditions pointed out to support a giant RE. Specifically, the VBM and CBM, both at Z and L points, have the same symmetry character coming from an unusual bands' ordering close to the Fermi level. This, in combination with a rather strong SOC, a very small gap and the lack of inversion symmetry, paves the way for a huge electrically-controllable bulk Rashba spin-splitting 17 : in the low-temperature phase (λ = 1), we calculated a Rashba momentum offset, around Z, k R ≈ 0.08Å −1 . The energy splitting at Z, E R [calculated as the energy difference between the lowest conduction (highest valence) band at k R and at the high-symmetry-point Z] is as large as 272 (172) meV for the conduction (valence) bands, see Fig.1 h) . Being the Rashba parameter α R as large as 6.8 (4.4) eV/Å for the conduction (valence) bands, SnTe is unambiguously proven to be an additional example of FERSC for all values λ > 0 (see Section B. and Fig. Supp. 1 in Ref. 16 for further details on the FERSC properties). Moreover, differently from GeTe, 1 in SnTe the VBM and CBM at Z both belong to the j = 1/2 manifold (at variance with j = 1/2 and j = 3/2 for VBM and CBM, respectively, in GeTe). Therefore, SnTe seems even more promising than GeTe, as the large Rashba splitting occurs both in the valence and in the conduction bands, opening the routes towards an ambipolar behaviour 12 of interest for spintronic applications.
As for the topological properties, let's remark that, along the whole λ path, SnTe is characterized by the presence of a band gap among different Rashba peaks, k R , around either L or Z. The key point is, however, the band structure evolution, as a function of λ, of the Z and L points, the two being different because of the rhombohedral/off-centering distortions. By looking at the inverted orbital character (typical for TI), we note that the TCI phase survives the rhombohedral distortion for quite long (up to λ = 0.16, cfr. Fig.1 a) ). In this range, ferroelectricity coexists with a small Rashba spin splitting, mainly located at Z; we therefore label this phase as "TCI+FERSC". For the critical value, λ = 0.16, the gap closes at Z. Upon larger displacements, the gap at Z reopens without band inversion, whereas at L the band inversion is still present. In this range of λ, an extremely exotic phase exists: along with the FERSC behaviour, an odd number of band inversions opens the possibility for a Z 2 -type of TI. This phase, labeled as "Z 2 +FERSC", is indeed confirmed to be a strong TI from the evaluation of the Z 2 topological indices as (1, 111) (see Section C in Ref.
16 for details). Finally, a further increase in λ closes the gap (at λ = 0.33) at the Rashba points k R in the vicinity of L, thus switching the band inversion off (along with the TI regime) at L. The system consequently becomes a trivial FE insulator with strong RE (i.e. a "topologically-trivial FERSC"). The sequence of phases (TCI+FERSC,Z 2 +FERSC, FERSC), shown in Fig.1 a) , is the main result of the paper, further explored below in terms of surface electronic structure.
Surface states. Owing to the bulk-boundary correspondence, all the findings about topological states in the bulk find their counterparts in the electronic properties of the [111] surface states, showing intriguing aspects related to ferroelectricity. Since the FE polarization is perpendicular to the (111) surface, in the slab geometry with mixed termination (Te on one side, Sn on the other) two possibilities can be distinguished: one, when polarization points from the inner layers towards the Sn surface (and away from the Te surface) or the other, when it points away from the Sn surface (and towards the Te surface), as shown in the inset of Fig. 2 d) . Due to the mixed termination, the contributions of each surface can be distinguished by looking at their orbital and atomic character.
As well known, in the SnTe cubic phase, each surface of the slab exhibits a cone of surface states at Γ and each of the three non-equivalent M points of the surface Brillouin zone (cfr inset in Fig. 2 a) , consistent with the existing literature 18, 19 and with the band inversion observed in the bulk bands. It is worth noting that Sn surface cones cross in the vicinity of the VBM, while the Te surface states cross close to the CBM .
In the TCI+FERSC phase (0< λ <0.16), the system shows a finite FE polarization but is topologically equivalent to the Cubic one, i.e. we find in the surface electronic structure the same number of cones at the same symmetry points for λ = 0.0 and 0.1 [cfr Fig 2 a) and  b) ] . However, for a finite λ, the behaviour at Γ depends upon the polarization direction: the crossing can either occur close to the middle of the gap (cfr Fig. 2 b) upperright panel) or closer to crossing of projected bulk bands (cfr. Fig. 2 b) upper-left panel) . This allows for an additional control of the surface electronic properties through an electric field.
In the Z 2 +FERSC phase (0.16< λ <0.33), the inverted (normal) gap at L (Z) is reflected on the surface electronic structure [cfr. Fig. 2 c) ]. The striking feature of this phase is the presence of a single Dirac cone from each surface crossing at M . Since the number of nonequivalent Dirac cones is odd, this phase is confirmed to be a Z 2 time-reversal invariant strong TI with indices (1, 111). The bulk bands (projected at the surface) exhibit a strong RE at Γ and a tiny one at M . Although the surface band structure at M does not depend on the FE polarization direction, at Γ it does. Indeed, for polarization corresponding to the negative shift of the Te sublattice with respect to the Sn one, a surface RE appears. We recall, in fact, that the RE discussed so far in the paper occurs in the bulk; however, a more "conventional" RE can also occur at the surface, deriving from the breaking of inversion symmetry induced by the presence of any surface.
Recall now that, in the bulk, the phase at λ > 0.33 does not show any band inversion and is topologically equivalent to the atomic limit, i.e. "trivial". This phase also characterizes the final end-point of our adiabatic path at λ = 1 (FERSC phase), for which we show the surface band structure in Fig. 2 d) . Here, the bulk RE is evident both at Γ and M , while the surface RE is present on one of the two high symmetry points depending on the orientation of polarization.
In summary, we have addressed the intriguing physics brought by spin-orbit coupling interlinked with ferroelectricity in SnTe. By means of a combination of density functional theory, tight-binding and Wannier orbitals, we analyzed bulk and surface electronic structures and showed that, upon any external agent (such as pressure, strain or chemical doping) that is able to drive a transition from the room-temperature cubic centrosymmetric structure to the low-temperature FE structure of SnTe, an exotic sequence of peculiar phases can be induced, controlled and optimized. Indeed, these phases range from a topological crystalline insulator for small deformations (0< λ < 0.16) to a Z 2 topological insulator for slightly larger FE distortions (0.16< λ < 0.33) to a trivial topological behaviour up to the experimental FE structure (0.33 < λ <1). Moreover, we show that topologically-non-trivial phases can coexist with a FERSC behaviour, where a strong Rashba spin-splitting is predicted to occur in the bulk electronic structure and whose spin texture is controllable via an electric field. We emphasize that, while the specific range of λ values for each phase (TCI+FERSC, Z2+FERSC and trivial+FERSC) can clearly vary depending on the path followed (i.e. whether the cubic-to-ferroelectric transition is induced by pressure or chemical doping, alloying, etc), we predict the sequence of phases -as a function of λ -from TCI over Z 2 to trivial insulator with strong Rashba effects, to be independent on the path followed. While our results urgently call for an experimental verification, it is clear that the multifunctional behaviour of FE SnTe shows a wide tunability through a variety of different topological insulating or FERSC phases. From a more general point of view, our work shows how the peculiar interplay among ferroelectricity, spin-orbit coupling, topology and Rashba effects opens exciting perspectives in different key areas in current science, ranging from fundamental condensed matter physics (in terms of microscopic mechanisms), to materials science (in terms of novel and advanced compounds) to technology (in terms of a new generation of electrically-controlled spintronic devices).
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